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Abstract 

The aim of this paper is to propose an abstract construction of spaces 
which keep the main properties of the (already known) Hardy spaces H^. 
We construct spaces through an atomic (or molecular) decomposition. We 
prove some results about continuity from these spaces into and some 
results about interpolation between these spaces and the Lebesgue spaces. 
We also obtain some results on weighted norm inequalities. Then we apply 
this abstract theory to the maximal regularity. Finally we present partial 
results in order to understand a characterization of the duals of Hardy spaces. 
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1 Introduction 

The theory of real Hardy spaces started in the 60's, and in the 70's the atomic 
Hardy space appeared. Let us recall its definition first (see [T2]). 

Let (X, d, fj,) be a space of homogeneous type. Let e > be a fixed parameter. A 
function m G Lj^^^X) is called an e-molecule associated to a ball Q if mdfi = 0, 
for all i > 0, 

( [ \m\''dij) ' < /i(2'+iQ)-i/22-ei f I \^\2^ \ ' < ^(Q)-i/2 
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We call m an atom if in addition we have supp(m) G Q. So an atom is exactly an 
oo-molecule. Then a function / belongs to Hl;^^{X) if there exists a decomposition 



irrii 



fx — a.e, 



where rrii are e-molecules and Aj are coefficients which satisfy 

|Aj| < oo. 



It was proved in [3T] that the whole space HlJ^r does not depend on e, as in fact one 
obtains the same space replacing e-molecules by atoms or e'-molecules with e' > 0. 

In the Euclidean case {X = M" with the Lebesgue measure) this space has many 
different characterizations, thanks to 



cw\ 



sup 

!/eK",t>0 
\x-y\<t 




tVe 



dydt 



1/2 



(1) 

(2) 
(3) 



where is the Riesz transform. The space Ti^ defined by ([T]) was the 

original Hardy space of E.M. Stein (see [3D]) and [21] provided the equivalence 
with the definition using the maximal function and the area integral. The link 
with if^j^(M"') (due to R. Coifman one year later in [23]) can be understood from 
the celebrated theorem of C. Fefferman which says (in vague terms) 



he{n 



\h\ 



BMO 



sup 

O ball /^Wj 



f- 



1/2 



< oo. 



Here BMO is the space of John-Nirenberg. In fact it is relatively easy to show 
that 

h e iH^w(Er)y ^ \\h\\BMo < oo, 

hence the identification between and if^y^(M"). 

The space H^yy{X) is a good substitute of L^{X) for many reasons. For instance, 
Calderon-Zygmund operators map H^^^{X) to L^{X) whereas they do not map 
L^{X) to L^{X). In addition, if^^y(X) (and its dual) interpolates with Lebesgue 
spaces LP{X), 1 < p < oo. That is why Hl;^^{X) is a good space to extend the 
scale of Lebesgue spaces (LP(X))i<p<oo for P tends to 1 and its dual BMO for p 
tends to oo. 
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However, there are situations where if^p^(X) is not the right substitute to L^{X) 
and there has been recently a number of works with goal to define an adapted 
Hardy space P[2l[8l[20l[I7l[T9l[2ll[T8l[22l[27j. For example is not well 

adapted to operators such as the Riesz transform on Riemannian manifolds (or on 
graphs) or the maximal regularity operator [H [21 HI [271 [22] • That is why in [T71 [2Z] 
the authors define a new space Hj^ by the L^{X) norm of the previous maximal 
functions (in ([2]) and ([3|)) with another operator L instead of the Laplacian A. 
With this new definition, they show that under some conditions on L, the space 
Hj^ has an equivalent molecular definition. They have studied the intermediate 
spaces between and the Lebesgue spaces and also the dual space (Hi)*. 

Our aim here is to construct abstract Hardy spaces by a molecular (or atomic) 
decomposition and we want to use the weakest assumptions to obtain good prop- 
erties for these spaces. Mainly, we want to have a criterion for the continuity of 
an operator from the Hardy space into L^{X) and to have an interpolation result 
between the Hardy space and Lebesgue spaces. Then we will apply these abstract 
results to a particular case and we will obtain results about maximal L'^ regularity. 
We will finish this paper by the study of the dual space. 



2 Definitions 



Let {X, d, fi) be a space of homogeneous type. Excepted for the section [S] where 
the space is important, we omit the space X and we shall write for Lp(X, R) if 
no confusion arises. Here we are working with real valued function and we will use 
"real" duality. We have the same results with complex duality and complex valued 
functions. 

So (i is a quasi-distance on the space X and fi a Borel measure which satisfies the 
doubling property : 

3A>0, 35>0, VxeX,Vr >0,Vt> 1, i^^S^lMl < At\ (4) 

fi{B{x,r)) 

where B{x,r) is the open ball with center x G X and radius r > 0. We call 6 the 
homogeneous dimension of X. For Q a ball, and i > 0, we write Si{Q) the scaled 
corona around the ball Q : 

S.iQ) := L, T<1+ ^-^^^ < 

where tq is the radius of the ball Q and c{Q) its center. Note that Sq{Q) corre- 
sponds to the ball Q and Si{Q) C T'^^Q for z > 1, where \Q is as usual the ball 
with center c{Q) and radius Arg. 

Let us denote by Q the collection of all balls : 

Q := {B{x,r), x e X,r > 0} . 
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Let B := (Bq)q^q be a collection of L^-bounded linear operator, indexed by the 
collection Q. We assume that these operators Bq are uniformly bounded on : 
there exists a constant < A' < oo so that : 

V/GL^ Vgball, \\BQ{f)h<A'\\fh. (5) 

In the rest of the paper, we allow the constants to depend on A, A' and 6. 
Now, we define atoms and molecules by using the collection B : 

Definition 2.1 Let e > be a fixed parameter. A function m G Lj^^ is called an 
e-molecule associated to a ball Q if there exists a real function fq such that 

m = Bqifq), 

with 

V^>0, ||/Q||2,5,(Q)<(M2'g))"'^'2-". 

We call m = Bq^fo) an atom if in addition we have supp{fq) C Q. So an atom 
is exactly an oo-molecule. 

The functions fq in this definition are normalized in L^. It is easy to show that 

||/q||i<i and \\fQh<^^{Q)-'^'. 

So by the L^-boundedness of the operator Bq, we have that each molecule belongs 
to the space . However a molecule is not (for the moment) in the space L} . 
In Section [71 we will put some further conditions on the operators Bq which will 
guarantee that the molecules will form a bounded set in the space L^. But for the 
moment, we want to work with the most general case. Now we are able to define 
our abstract Hardy spaces : 

Definition 2.2 A measurable function h belongs to the molecular Hardy space 
^emoi ^/ there exists a decomposition : 



Xirrii /i — a.e, 



where for all i, rrii is an e-molecule and Aj are real numbers satisfying 



< oo. 



We define the norm 



\h\\ui := inf y lAjl. 

1— Z^jgp^ 



Similarly we define the atomic space H^^^ replacing e-molecules by atoms 
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Let us make some remarks. 



Remark 2.3 1—) First we only ask that the decomposition 

h{x) = A»m^(x) 

is well defined for almost every x G X. So the assumption is very weak and it 
is possible that the measurable function h does not belong to L]^^. It is not clear 
whether these abstract normed vector spaces are complete. The problem is that we 
do not know whether the decompositions for h converge absolutely. See Section\^for 
a condition insuring this. However we do not need completeness for the moment. 

2— ) We have the following continuous inclusions : 

VO<e<e', Hlt^--^ Hl,„^^i^ Hl^^i. (6) 

In fact the space H^^^ corresponds to the space H^,^^^. For < e < e' < oo the 
space H^' rnoi ^■^ dense in Hj^^i. In the general case, it seems to be very difficult to 
study the dependence of the space H^rnoi '"^^^^ parameter e and we will not study 
this question here. 

3— ) We have seen that each molecule is an function. So it is obvious that 
L"^ n Hl^^i is dense in Hl^^i and that n Hl^^ is dense m H^^^. 

3 Comparison with other Hardy spaces. 

3.1 The space of Coifman- Weiss. 

Due to its atomic definition, the Hardy space HQyy{M.'^) of Coifman- Weiss is ob- 
tained by clioosing the operator Bq as follows : 

BQ{f){x) = f{x)lQ{x) - \Q\-' {^j^f^ 1q{x). 

Our atoms are the same as the ones defined in [3lj. However, our molecule is 
different from the one in [31]. In fact, because the Bq has the property that supp 
Bqlf) C Q for any /, atoms and e-molecules are the same with our definition. 
Hence, for Bq with this specific property, our atomic and molecular spaces are the 
same. 

3.2 Hardy spaces for Schrodinger operators with poten- 
tials. 

Let X = M" and V a nonnegative function on X. We consider the Schrodinger 
operator 

Lif)ix) ■.= -Af{x) + Vix)f{x). 
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First case : V is compactly supported and \^ G witli 2p > n > 3 (we refer to 
p2j for tlie details). 

By this assumption, it is well known that —L generates a L^-bounded semi- 
group {Kt)t>o, whose kernels satisfy some gaussian estimates. J. Dziubanski and 
J. Zienkiewicz define a Hardy space Hj^ by a maximal operator. A function 
/ G L\W) belongs to Hi if 



sup \Ktf{x)\ 

t>0 



< oo. 



Using the properties of semi-group, the authors introduce 

uj{x) := lim Kglu^^x) 

and prove that the limit exists and that there is a constant c > such that 

Vx G M", c < uj{x) < 1. (7) 

With this function, they obtain an atomic decomposition of their Hardy space Hj^ 
with the following definition of atoms : a function 6 is a Hl-atom if there exists a 
ball Q such that b is supported in Q and satisfies 



< IQI"^/^ and / b{x)uj{x)dx = 0. 

Jq 



So we can identify their space Hj^ with our atomic space if^j^ by choosing our 
operators Bq as 



BQif)ix) :=/(x)1q(x)- 



uj{Q) 



f{x)uj{x)dx ) 1q{x). 



Then due to ([7]), the two definitions of atoms are equivalent and so 



Second case : \^ is a nonnegative polynomial (we refer to [TU] for the details) . 
In this case, it is well known that —L generates a L^-bounded semigroup (Tt)t>0) 
which satisfies some gaussian estimates. J. Dziubanski defines a Hardy space in 
the same way as above : a function / G belongs to Hi if 



Hi ■ - 



sup \Ttf{x)\ 

t>0 



Let 



m[x. 



V) ■.= J2\D'V{x)\ 



< oo. 



1/(1/31+2) 
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which is bounded below by a constant c > 0. In [TH] the author shows an atomic 
decomposition of this space with the following definition : a function b is an H}^- 
atom if there exists a ball Q = B{yo,r) with 

supp(6)cQ, II6II2 < |gr'/^ r<m{y,,V)-' 
and if r < jmi^yo, V)~^ then 

b{x)dx = 0. 

This definition of atoms is a particular case of ours if we define the operator Bq 
for Q = B{yo, r) a ball by : 

r /(x)1q(x) ii \m{yQ,VY^ < r < m{yQ,VY^ 
BQifKx) := I - Jq f{y)dy) 1q{x) if r < \m{y,, V)-' 

[0 if r > m(?/o, V)"^ 

With this choice we have 

It is shown in [21] that one can take w a.s a reverse Holder weight with exponent 
n/2 to obtain an identical atomic decomposition with the measure uj{x)dx instead 
of the Lebesgue measure. 



3.3 Hardy spaces associated to divergence form elliptic op- 
erators. 



Let X = M" and A he a.n n x n matrix-valued function satisfying the ellipticity 
condition : there exist two constants A > A > such that 

Ve,CeC", X\e<Re{A^-^ and |A^ CI < Al^l ICI- 

We define the second order divergence form operator 

L{f) := -div(AV/). 

In [27] S. Hofmann and S. Mayboroda define a Hardy space associated to this 
operator and give several charaterizations. For f E we have the equivalence of 
the following norms : 



t>0, yeM" 
x — y\<t 



t'Le-'^'^fiy) 



dtdy 



+ 



t>0, y£R'^ \ V 
\x — y\ <.t 



B{y,t) 



dz 



1/5 



1/2 
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In addition, they prove a molecular decomposition with the following definition : 
let e > and M > n/4 be fixed, a function m G is a if]^-molecule if there exists 
a ball Q CW such that : 



\/i > 0, 



\m 



V^>0,VA;e{l,...,M}, {tq^L-'Y 



m 



(9) 



2MQ) 

We do not know how to realize these molecules with our definition. However with 

Bgif) := {rlLfe-^h^if) or := {id - {Id + r'^Ly^' (f), 

our e-molecules are if^-molecules. So we have the inclusion 

Hl^moi ^ 

3.4 Hardy spaces associated to a general semigroup. 



Let X = M". In [T7], X.T. Duong and L. Yan have study the space Hj^ with a 
more general operator L. They assume that there exists uj G (0,7r/2) such that L 
generates a holomorphic semigroup e~^^ with < |74r(7(z)| < 7c/2 — uj, which has 
a Hoc calculus on L^(M") and gaussian estimates for its kernel. Then they define 
a Hardy space Hi by : for all functions f E 



t>0, T/GM^ 
x — y\<.t 



t'Le 



f{y) 



dtdy 



1/2 



They obtained a molecular decomposition using tent spaces (Proposition 4.2 of 
[ITjl) : a function m is called a i7]^-molecule associated to a ball Q C M" if 



mix} 



with a(t,x) satisfying 

supp(a) C {(x, t) G X X (0, oo), x G Q, < t < rq] and ||a||2 dxM < \Q\^^^'^ ■ 

This definition of molecules is probably less restrictive than ours. So with the 
choice 

BqU) ■■= (rjL)e-^Q^(/) or := / - e-^l\f), 

we only know the inclusion 



ttI 

e,mol 



Hi 



See also the work of P.Auscher, A.McIntosch and E. Russ [7], where a similar 
construction is done on a Riemannian manifold with doubling property, L being 
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the Hodge-De Rham Laplacian. One of the observation there is that one does not 
need pointwise bounds on the heat kernel but off-diagonal bounds similar to the 
ones we use in Section [71 Again the Hardy space we obtain is included in the one 
of [7]. 

Conclusion : We have seen that our abstract construction is sometimes equal to 
sometimes smaller than other ones. We will see in Section O that our space is big 
enough to interpolate with Lebesgue spaces. However, we think that this smallness 
is the main difficulty (which we will explain in Section [9]) for the identification of 
the dual spaces {Hl^^i)* and {HlJ* . 

4 Continuity theorem on the Hardy space. 

It is well known that a Calderon-Zygmund operator is continuous from the Coifman- 
Weiss space -ff^VF propose some general conditions which guarantee the 

continuity from our Hardy spaces into . We have the two following results : 

Theorem 4.1 Let T he an L^-bounded suhlinear operator satisfying the following 
"off-diagonal" estimates : for all hall Q, for all j > 2 there exist some coefficient 
otj{Q) such that for all L"^ -functions f supported in Q 

If the coefficients cxjiQ) satisfy 

A := sup ^^^^77Tr^% < (11) 

Q ball fJ'W) 

then there exists a constant C such that 

\ffeL'nHl,^ ||T(/)|Ui<C||/||^i^^. 

So if T is linear then it has a unique extension, which is continuous from H^^^ into 
L\ 

Theorem 4.2 Let T be an L'^-bounded sublinear operator satisfying the following 
"off- diagonal" estimates : for all ball Q, for all k > 0,j > 2, there exist some 
coefficient aj^kiQ) such that for every L"^ -function f supported in Sk{Q) 

1/2 



/i(2i+^+iQ) 




/ \nBQif))fdA < a,4Q) ( \ [ l/l^) 



(12) 
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// the coefficients aj^k satisfy 

< oo, (13) 



A := sup sup 

A:>0 Q ball 



then for all e > there exists a constant C = C{e) such that 

\/feL'nHl^,, ||T(/)||i<C||/||^i_, 

So ifT is linear then it has a unique extension, which is continuous from Hl^^i to 
L\ 

Remark 4.3 1—) It is possible that a particular corona Sk{Q) is empty. So we 
have normalized by fi{2^^^Q). 

2—) One can weaken even more [W\) and For example UD^ can be replaced 

by 

1/2 



'X\4Q 

in which case the proof is almost tautological. Also let us explain why we choose 
a condition like / flOj) . Our Hardy spaces depend both on e and on the collection 
B = {Bq)q^q, so write them (just in this remark) H^^^^i^ and H^toM- Take an 
L^-bounded operator T. Assume that for e' > it satisfies the condition ^W\) with 
some coefficients Oij{Q) satisfying : 

A:= sup 5^^^^^^a,(Q)2^-^'<oo. (14) 

Q hall ^ /iWJ 

Then it is easy to show that for m = Bq^fo) an atom (of H^^^^) associated to the 
ball Q, the function T^BQ^fo)) is an e' -molecule of Hi, j,-^ (associated to Q). Here 
we write TB := {TBq)q^q the new collection of L'^ -bounded operators. So we claim 
that T is also continuous from H^^^^ into -f^e/mozn- have an analogous result 
with D^) and the molecular spaces. Also the assumptions [TB) and ^W) naturally 
appear when we want to work with these Hardy spaces. 

3—) Notice that when e = oo, Theorem \4.S\ becomes Theorem \4.1\ So it suffices to 
prove the last one. 

Proof of Theorem 14. 2t First we show the following estimate : there exists a 
constant C = C(e) such that for all e-molecule m : 

\\T{m)\\^,<C{A+\\T\\L2^L^). (15) 

Using definition we know that there exists a ball Q and a function fq such that 

m = Bqifo). 
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By decomposing the space X with the scaled coronas around Q and by the hnearity 
of Bq, we have : 

^q/q = y^-SQ(lg^(Q)/Q). 



m 

k>0 



Using the subhnearity of T, we obtain that 

\T{m)\<J2\TBQ{ls,iQ)fQ)\ 



k>0 



By decomposing the integral with the coronas (5'j(2^(5))^.>Q which is a partition of 
X, we have : 



k>0 

<J2 [ |T(fiQ(l5,(Q)/Q))|rf/X 

3>0 



k>0 
j>0 



Using the "off-diagonal" estimates (fT2l) on T and the doubling condition for the 
measure n (for the terms j < 1), we get 



+ 5^ A2^'V(2'=+^g)^/lTi?Q|U._.i.||/Qll2,5.(Q)- 
fc>o,j<i 



1/2 
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Then we use to estimate \\TBq\\i2^]^2, and with the L^-decay on /q, we have : 

k>0,j>2 



< 



k>0 



k>0,j<l 



< A+IITI 



So we have proved the result for all e-molecules. 
Next, we introduce the space 

{n / ^ 

f; f = Xirrii, {mi)i e-molecules, \\f\\H}^^^ > 10"^ I ^ |Ai| 
i=l ' \i=l 

which is a subspace of H^^^i. 

We have that T is continuous from S into : in fact if / G S", there exists a finite 
decomposition 

n / ^ 

f = J2 >^^rn, with > 10-1 Y 

i=l \i=l 

by the sublinearity of T and (fT5l) , we have : 



iin/)ii..<Ei^^i^ii/ii-ur 



i=l 



We conclude the proof by involving the next lemma. □ 



Lemma 4.4 The set S is dense in Hl^^^. 



Proof : Let / G H^^^i be a non zero function. Then there exists an infinite 
decomposition with e-molecules : 



oo 



f = YKrni and |Ai| < (1 + lO^^ 

i=l i=l 

Let /at be the partial sums, defined by : 

N 

In ■= y^^Kmj. 

i=l 

Assume that /jv is not contained in S, then 

N 
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However converges to / for the if^^^^^-norm, so for large enough we can 
deduce from this inequahty that 



N oo 

,<2||/,v||i^^ ,<^$^|A.|<-5^|A,|< -11/11^1 . 



i=l 



i=l 



This last inequality is not possible so we conclude that for N large enough, is 
an element of S. We have proved that S is dense in Hl^^^. □ 

Remark 4.5 The same lemma holds replacing H^^^i by H^^^. 

Remark 4.6 In order to verify the assumption [TB^] . with the doubling property of 
/i it is sufficient to check the stronger condition : 



sup sup 

fc>0 Qball 



.i>2 



< oo. 



(16) 



Example 4.7 Theorem \4.2\ (resp. Theorem \4-l\) applies to T = Id if 17^) (resp. 
/ fJOj) ) holds. In this case, l[T^) becomes a condition on Bq which implies 
(see Section^. 



TTl 

e.mol 



Example 4.8 In the case of Coifman-Weiss Hardy space -f^^VF' ^^^■^ result gener- 
alizes the Calderon-Zygmund conditions. We choose 



BQ{f){x) = /(x)1q(x) - (^fiiQ)-' J fdf?j Ic 



(x). 



Let T be an bounded operator. If we assume that the kernel K{x, y) ofT satisfies 
the Calderon-Zygmund assumptions : there exists h > such that for all x ^ y 
and y' E B{y,d{x,y)/2), 

\K{x,y)\ < \ 

^i[B[x,d[x,y))) 

\K{x y) - K{x y')\ < ^(^'^0^ 

^ fi{B{x,d{x,y)))d{x,y)^' 



then it is easy to prove that T satisfies the assumptions in Theorem So T is 
continuous from H^^^ = II\^^ into , which is the classical result. 



So here we have obtained simple conditions for L^-bounded operators to be bounded 
from to L^. These conditions generalize the "Calderon-Zygmund" conditions 
in the classical case. In next section, we are interested in interpolation results. 
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5 Interpolation theorem between and H^i^. 

The goal of this section is to find some general conditions on Bq operators which 
give us an interpolation result like : if T, an L^-bounded operator, is continuous 
from to then T is L'^'-bounded for all (or some) exponents p g]1, 2]. We will 
use real L^-duality defined by : 



^f,9 ^ L , {f,g) := J f{x)g{x)diJ,{x). 

Associated to this duality, we denote the adjoint operation by *. 

Definition 5.1 We set Aq be the operator Id — Bq (here we can choose Aq(/) = 
fig — Bqi^f) too). For a G [1, oo] we define the maximal operator : 

VxGX, M.(/)(x):=sup [ |A^(/)p/x') ^ (17) 

Qball V/^lVj Jo J 

and a sharp maximal function adapted with our operators : for s > 0, 

l/s 



Wx G X, M|(/)(x) := sup [ \B*q 

Qball \fi[(^) Jo 



{f){z)\ dfi{z] 



The standard maximal " Hardy- Littlewood" operator is defined by : for s > 0, 

l/s 



Wx G X, MHLAf)i^) ■■= sup f-^ / \f{z)\-'dfi{z: 



Qball 



For convenience, we recall the definition of a linearizable operator (see Definition 
V.1.20 of [23]) : 

Definition 5.2 An operator T on is said to be linearizable if there exists a 
Banach space B and a linear operator U defined from into L'^{X,B) such that : 

yfeL\ \T{f){x)\ = \\U{f){x)\\^, /x-a.e. . 



Examples of linearizable operators are given by maximal operators or quadratic 
functionals for T. Linearizable operators are sublinear. Our main result is : 

Theorem 5.3 Let a g]2, oo]. Assume that for all balls Q and all functions h G L^, 
we have 

^/|AJ(/,)p,)""<i„fM„„WW. 
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Let T be an LP'-hounded, linearizahle, operator. If T is continuous from H^^^ into 
then for all p G]cr', 2] there exists a constant C = C{p) such that : 

yfeL'nL^, ||r(/)||,<q|/||,. 

In addition we have the following estimate : 



\T\ 



LP^LP 



< \\T\ 



\T\a^,. + \\T\ 



i-e -, 



where 9 is given by : 



1 _e i-e 

p~ 2^ 1 



The implicit constant depends on A,A',6,p . 



Here the quantity lfj,{x)<oo means 1 if /i(X) < oo and if = oo and a' is the 
conjuguate exponent of a. We need some preparation before proving this result. 

By Definition 15.21 the operator T is associated to a hnear operator U from into 
L^(X, B). We fix a measurable function 

(j): X ^ {Xe B*, \\X\\b* < 1} 
and we consider the linear operator V on defined by : 

V/ G L', V{f) : 

So V is L^-bounded because 



X ^ m 

X ^ B{U{f){x),(t){x))B* 



Iin/)ll2< ll^(W)(^),0(^))s'll2< nil 110(^)11 

<IIIIW)(^)IUIl2=lin/)ll2- 



By the same argument we can prove that V is bounded from H^^^ to because 
we have : 

v/6i/l, ||v(/)|li<||r(/)||,. 

By duality we know that V* is continuous from L°° into (H^^^)*. So we have the 
following two lemmas : 



Lemma 5.4 Let Ci := ||T||j:^i ^^i. Then : 



\/f eL'^n 



Ml{V*f) 



Proof : Fix a function f & L"^ (1 L°°. By the L^-boundedness of V we have that 
V*{f) G L^. Fix a ball Q. Using the L^-boundedness of Bq we conclude that 
Bgiy* f) exists and belongs to L^. Let h be supported in Q and normalized by 
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|2 = 1, and set <^q := fi{Q) ^^^h. Then it is easy to see that m = Bq 
atom. With the continuity of V from H\^^ to L^, we obtain : 



IS an 



V{m)fd^ 



< \\V\ 



In addition, since m and / are L^-functions, we have : 

V{m)fd^i = JmV*if)df, = j ^i{Q)-''^BQ{h)V*{f)d^ 
= KQr'^'J hB*QV*{f)d^,. 



In consequence, we get 



\/heL\Q), ||/i||2,Q = l, 

Hence, B*QV*{f) G L'^{Q) and 



hB*QV*if)d^i 



< Ci/i(Q)i/2 



\B*QV*{f)l^<C^^,{Q) 



1/2 



which concludes the proof. 



□ 



Lemma 5.5 For all 1 < s < 2, there exists a constant C2 = C*2(s) ^ ||T||i2^^2 
such that : 

'2 \\^Ai^r*f\\\ <^ 



2- 



Proof : Let x G X and Q be a ball such that x G We have : 
1 



< 



l/s 

\B*Q{y*f){z)\'d^^{z)^ 



l/s 



1 



^^i.Q) Jq J \KQ) 

<MHLAy*f)i^) + MAV*f)ix). 



\A*{V*f)iz)rdfiiz) 



l/a 



Here we use the fact that s < 2 < a. Taking the supremum over all balls Q 3 x, 
we get : 

Ml{V*f) < MhlAV*/) + MAV*f). 

In addition for s < 2, Mhl,s is of weak type (2,2). By the assumptions V* is 
L^-bounded and M„ is of weak type (2,2) (bounded by Mhl,2)- So we conclude 
that M| o V* is of weak type (2, 2). □ 

Let the parameter s = 2. From the two previous lemmas (Lemma 15.41 and 15.51) and 
Marcinkiewicz's theorem for real interpolation, we obtain that M\ o V* is bounded 
in the whole space U for 2 < r < 00. If p g]1,2[ is an exponent and q g]2, oo[ 
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its conjuguate exponent, then there exists also a constant C3 := C3(p, Ci, C2) such 
that 



and C3 is bounded by : 



M«(\/7) 



11 



(19) 



^3 < 

< II T 



M| o V* 



I ji|ll-6l 



M« o V* 



g p 2 



because 9 satisfies 



We now begin the proof of Theorem | 
Proof : We develop the proof in two steps. 
1— ) End of the proof for the operator V. 

We are going to obtain the result as a consequence of Theorem 3.1 in With its 
notations, take F = and for all balls Q 

Gq = 2\B*Qh\' and Hq = 2\A*Qh\', 

where h = V*{f) and / G L^. Then for all x G Q, we have F{x) < Gq{x) + Hq{x). 
For all balls Q 3 we have 



^1 GQd^^<2Ml{h){xf ■.= G{x) 



By assumption, for all balls Q 3 x and x G Q, we have 

2/ct 



Also by Theorem 3.1 of [6J (which applies because h = V*{f) G so F G L^), for 
1 < r < cr/2 we have : 



lli^ll. < I|Mhl,i(F)||. < \\Ml{h)X = wMim 

By using f|T9l) and h = V*{f), we obtain for 2 < 2r < 00 : 



2 

2r- 



'2V"';il2r ^ Hi ||2r- 

Then the two previous estimates fl20|) and fl2T|) give us 

r*(/)l|2.< II/II2.. 



(20) 



(21) 
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We have obtained also that for all exponents q with 2 < q < a, there exists a 
constant C = C{q) such that : 

v/GL^nL^ \\v*{f)\u<c\\f\u. 

Thus by duality we can obtain that V is bounded on for all exponents p g](t', 2[. 
2—) End of the proof for the operator T. 

We have obtained that there exists a constant C4 such that for all functions (p and 
for all functions f & (1 we have 

\\V{f)l<C,\\fl- (22) 
Using the Hahn-Banach theorem, we have that 

WbeB,3b*eB* ^ <b and < 1- 

By choosing a good measurable function (p (see Remark 15. 6p . we can have also 

V{f){x)>\\\U{f){x)\\, = \\T{f){x)\. 
Hence by fl22|) . we obtained that 

r(/)iip<ii/iip- 

This estimate is uniform for all / G fl L^. □ 

Remark 5.6 By density we can approach the B -valued function U{f){x) by a finite 
sum with Ai mesurable sets of X and {bi)i a finite independant family 

of B. Then we chose the function := ^ ^aM where b* G B* are chosen so 
that {bj,b*) = \\bi\\i3li=j, in order to have 

IIIIW)(^)bllMMx)-IK^(/)(^)''^)IUw 

There is an interesting particular case when T = Id, which gives us the following 
corollary : 

Corollary 5.7 Assume that is bounded by Mhl,2 for some a g]2, 00] and that 
Hl^g is continuously contained in (see Section^. Then for all q g]2,oo[ there 
exists a constant C = C{q) such that 

V/GL«^L^ ||M«(/)||,<C||/||,. 

In addition ifl<s<2<q<a then we have the other inequality : 

yfeL'^ni', c-'\\f\u<\\M!{f)\u<c\\f\u. 
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Proof : With these assumptions, we can apply the previous theorem with T = Id. 
The first claim is obvious with (fTOll . here we have just used the imbedding H^^^ ^ 
L^. The second claim is a consequence of (120|) with the control |/| < MHL,s{f)- 
To prove this, we use the assumption that M„ is bounded by Mhl^2- In the proof 
of Theorem I5.3[ we have used s = 2 however we can use the same arguments with 
sG[1,2]. □ 

We have a second corollary (independent of Corollary 15.71] : 

Corollary 5.8 Assume that for a g]2, oo] the maximal operator M^r is bounded 
by Mhl,2- Then we have the following inequality : for all q G]2,(j[ there exists a 
constant Cg such that for all functions f & L"^ H (iJ^j^)* '"^^ have 



< r 



where 9 is given by 



1 _ ( 



L^(X)<oo 



(23) 



Proof : In fact we can prove this result directly by using the maximal operator 
Ml and the previous arguments. Here we will prove this as an application of the 
previous theorem. So we take a subset E of X satisfying < fi{E) < oo, and we 
write (p := 1e- We define also the operator T as : 

T{h) ■.= {hj)<f>. 

The assumption "/ G L^" guarantees that T is L^-bounded. And by the fact that 
/ G {H^^^^y, we obtain that T is continuous from if^j^ to L^. So we can apply the 
previous theorem and we conclude that T is bounded for all p G]cr', 2[, and we 
have the following estimate : 



\\Tm,<\\hmn%^L^ 



|l-6» ■, 



By the definition of T and the duality result about Lebesgue spaces, we deduce 
that (with p equals to the conjuguate exponent of q) : 



|T| 



L/i(X)<oo 



□ 

The parameter a plays an important role in Theorem 15. 3[ It permits to understand 
which Lebesgue spaces can be obtained by interpolation between the Hardy 
space if^jo ^^d L^. We now see that the range for p is optimal with the following 
example. 
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Example 5.9 The Riesz transforms. 
Here take X = and let 

A:W — > Mn{C) 

be a bounded nxn matrix valued function satisfying the ellipticity condition : there 
exist two constants A > A > such that 

VxeM", Ve,CeC", m'<Re{Aix)^-^) and ■ C| < Al^l iCl- 

We define the second order divergence form operator as 

L{f) := -dtv{AVf). 

Associated to this operator we have the Riesz transform VL~^^'^ defined by 

VL-V2(/):=^ rV^Ve-*^(/)^. 

From JEI, we know that the interval of p G [1,2] such that the heat semigroup 
(e*^)t>o o,''T'd the Riesz transform VL~^^'^ are L^-bounded have the same interior. 
We shall denote the critical exponent pi. Moreover we know that forp G [1, 2] 

VL"^/^ is W-bounded <^==^ Pl < P 

It is shown in JI]/ that I < Pl < ^'"'^ ^^^^ could be that pi > 1. In 

that case the Riesz transform can not be continuous from Hl;^r into V" (otherwise 
interpolation would yield pi = Ij- So this is an example where the Coifman- Weiss 
Hardy space is not well adapted to the operator. 

We have seen in Subsection \3.3\ that we can compare the Hardy space H\ of 127^ 
with ours. By choosing 

BqU) ■■= {rlLre-^l\f) or B^if) := (Jrf - (Jrf + rjL)-^)*' (/), 
with M a large enough integer (M > n/4), we have the inclusion 

Ve > 0, Hl^,^ ^ Hi (24) 



A "weak" version of Lemma 2.5 in asserts that for every q, 2 < q < (pl)' , for 
arbitrary closed sets E,F cMJ^ 



Vt > 0, V/ G L'{E), UtL*re-''^*{f)\U,F < tt(i-^)e-'^(^'^)^/* 



2,£- 



By taking t = Tq, q = a < (pl)' , it is easy to check that for all balls Q, for all 



1 



irt.LT'e-^'^^ mx) dx < ini MuL,2m^) 



l/a 
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This gives us that the maximal operator ( defined by ) satisfies : 

V/i e L\ M^{h) < MHL,2{h). 

We already know that VL~^/^ is LP'-hounded (J3i). For e > 0, Theorem 3.4 of 
[27^ and [24\ ) prove that this operator is continuous from Hl^^^ into . We can 
also apply our Theorem 15.31 to deduce that the Riesz transform is L'p -bounded for 
all p e]cr',2] with all a G [2,p'j^[. So the Riesz transform is bounded for all 
exponents p g]pl, 2] . As we know the Riesz transform is not -bounded forp < pi 
so our range of exponents is optimal. 



From the point of view of "L^-theory" (we temporary forget the Hardy spaces), we 
have the following result (using Theorem 14.21 and Theorem 15. 3p : 

Theorem 5.10 Suppose 1 < po < 2. Let T be an LF' -bounded, linearizable, opera- 
tor such that for all balls Q and for all functions f supported in Q 



(\ 1/2 



1/2 

2, 



and 



where the coefficients oij{Q) satisfy 

^(2^+ig) 



l/po 



Then for all exponents p e\pq, 2[, there exists a constant C such that 

v/GL^nL^ ||r(/)||,<q|/||,. 

Proof : We are going to show that with these assumptions the maximal operator 
M(p(,)/ (defined by f|T7|) ) is bounded by Mhl,2- Then the theorem is a consequence 
of Theorem 14.21 and Theorem 15. 3[ To prove this, let / G fl be a function and 
a = [poY- For all balls Q containing the point xq, we can estimate the L'^-norm by 
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duality : 



M.(/)(xo) = sup sup f^iQ)-'^'' I if - B*Q{f)) gdf. 



sup sup yU(Q) ^^'^ 

\\9\\po<l 



< 



f{g-BQ{g))df, 
sup sup fxigy^^^'Y] / \f (g - BQ{g))\dfi 



sllpo^i 



j>0 ''j 



<sup/i(g) sup Xlll^ll2,s,{Q) ll^-^(^vy;ii2,5,(Q) 



s\\po<l 



< sup fi{Q) sup ^\\J\\2,S,{Q) 



IISIIPO^l 



< sup $:ii/||,,^(Q)/.(2^-+^g)-^/^a,(g)^^^^ 

< MuL^m,) sup 5^ a, (Q)^^^^^ 



□ 



Let us compare with S.Blunck and P.Kunstmann's result (see Theorem 1.1 of [lOj). 
We describe an improved version, due to P. Auscher (Theorem 1.1 of [2J) : 

Theorem 5.11 Let 1 < po < 2. Let Bq be some uniformly L'^{X) -bounded opera- 
tors. Let T be a L'^-bounded sublinear operator such that for all balls Q and for all 
functions f supported in Q 



Vj>2 



/x(2^+ig) 



SjiQ) 



1/2 

T{BQ{f))'dA <aM^ ^ 



\f\dfi 



and 



Vj>0 



K^'^'Q) JS.iQ) 

If the coefficients aj{Q) satisfy 



1/2 

f-BQ{f))'dA <a,{Q)^ ^ 



\frdfi 



l/po 



^M2^ 
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then there exists a constant C such that 



V/eL^nL^", ||T(/)|U.o,^ <C||/|U. 

So by real interpolation, for all p ^]po,2[, there exists a constant C such that 



v/GL^nL^ ||r(/)||,<c 



Remark 5.12 The first "L^ — " condition of Theorem \5.11\ is stronger than the 
first "L^ — " condition of Theorem \5.1(K So Theorem \5.10\ has weaker condi- 
tions as far as the continuity on U' with any p e\pq,2[ is concerned. However 
the assumptions in Theorem \5.11\ imply the weak type {po,Po) by a variant of the 
Calderon-Zygmund decomposition, which does not seem to work under the assump- 
tions of Theorem \5.1(A Also Theorem \5.11\ can he applied to sublinear operators, 
not only to linearizable operators. 

6 Continuity results in weighted spaces. 

We have used the sharp maximal function M| in previous sections. Like in the 
Euchdean case, we can use it to get weighted norm inequahties. 

We have the following result : 

Theorem 6.1 Let T be a linear operator as in Theorem 4-i. then for 1 < s < 2, 
we have for f G L"^, 

Ml{T*{f)) < MhlM)- 

Proof : Let / be a function in L^. Let us fix xq a point and write s' the conjuguate 
exponent of s. By using the assumption ffTOj) of Theorem 14. II : 

M|(T7)(xo) = sup sup \Q\-'/' [ B*Q{T*f)gdfi 

llsll '<1 

= sup sup |Q|-i/^ / fT{BQ{g))df^ 

I J II _ 

sup sup J]/x(Q)-^/^ / \fT{BQ{g))\ 



XQdQ geL'HQ) JSi(Q) 

ll9lU/<l - 

<sup sup j2^(Qy'^'\\fhsm\\'^(^Q(9m2MQ) 

xqGQ geL2(Q) 
ll9lL/<i 
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For xq E Q, we have the following estimates : 



i>0 



i<2 



i>3 



E 



2,S',(Q) + 11^ ll2,S,(Q) 
i<2 i>3 



/i(Q) 



<M^,i,2(/)(Xo) 
<MHi,2(/)(Xo). 



i>3 



So we obtain 



□ 



We recall the definition of Muckenhoupt's weights and Reverse Holder classes : 



Definition 6.2 A nonnegative function u on X belongs to the class Ap for 1 < 
p < oo if 



< oo. 



A nonnegative function uj on X belongs to the class RHg for 1 < q < oo, if there 
is a constant C such that for every ball Q G X 



1 



CJ^rf/i ) < C 



1 



ujdji 



We have the well-known following properties (chapter 9 of [25] for the Euclidean 
case) : 

Proposition 6.3 For 1 < s < oo the maximal operator Mhl,s is bounded on L^iuj) 
for all s < p < oo and uj G Ap/^. For 1 < p < oo and uj an Ap-weight, there exists 
some constants C,e > such that for all balls Q and all mesurable subsets A G Q, 
we have: 

ujjA) ^ /MA)Y 

If UJ is as Ap weight and 1 < p < oo, then uj^"^' = a;^^/^^^^) is an Ap/ weight. In 
addition we have the following equivalence : 



(25) 



UJ e Ap uj^ p' e Apt 
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With these definitions we have the following result : 

Theorem 6.4 Let T be a linearizable operator which satisfies the assumption of 
Theorem \4.1\ We assume that for a g]2,oo] the maximal operator M„ is hounded 
by Mhl,2- Let p E]a', 2[ be an exponent and oj a weight so that u G Ap/o-' fl RH(^2y. 
Then the operator T is "bounded" on L'^{uj) : there exists a constant C such that : 

yfeL'n L^H, ||r(/)||,,^,^ < c\\fi,^,,. 

For the weight uj, we define the associated measure (written by the same symbol) 
uj by du := oodfi. Concerning the condition u G Ap/2 H RH^a^y, we recall (Lemma 

4.4 of [6]) that ioi a' < p < 2 

u G Ap/^, n RH^2y u^-P' G Ap,/2 n RH^^y. (26) 

In the following proof, we will use this equivalence. 

Proof : We use the notation of Theorem 15. 3[ Let / G fl L'^{u!^~'') where q = p' 
is the conjuguate exponent of p. With h = V*{f), we write F = 
First we recall the fact that V* is the adjoint of V related to the measure /i. So we 
have that 

V is LP(cu)-bounded ^ V* is L«(cj^-'')-bounded. 

We use Theorem 3.1 of [6] with r := q/2 e]l,a/2[ and u^'^'' = u^-p' G RH^^y to 
obtain the weighted version of fl20|) : 

\\F\\r,^i-2r < \\MHL,iiF)\\r,.o^-''' ^ \U,^i-2r = ||M»(/i)||^,.^i-2.. (27) 

By using Theorem 16. II and h = V*{f), we obtain for 2 < g = 2r < oo : 

||M«(/l)||2.,.i-2. < \\MHLM)hr,.^-'^- 

The weight uj^~'^ belongs to the class Aq/2, so with Proposition 16.31 we get 

||M^z.,2(/)||,,.i-.< 11/11,,.!-.. 
Then the three previous estimates give us 

l|V^*(/)ll,,.-.< ll/ll,,.i-.. 

Thus by duality we obtain that V is bounded on Lp{uj) and we deduce the same 
for T as in the proof of Theorem 15. 3[ □ 

We use the following notation of [6] : 

Definition 6.5 For uj a nonnegative function on X and < po < go < oo two 

exponents, we introduce the set 

Wa;(po, go) := {p e]po, go[, g Ap/p„ n RH^g^,/py} . 
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Then we have the " weighted" version of Theorem I5.1UI : 

Theorem 6.6 Let 1 < po <2. LetT be an L?' -hounded, linearizable, operator such 
that for all balls Q and for all functions f supported in Q 

1/2 . . „ ^1/2 

2, 




with coefficients aj{Q) satisfying 



ifrdf^ 



^^P„Z^ /i(Q) ^^^^^ ^ ^' 



Q ball 



Let u be a weight. Then for all exponents p G Wuj{po, 2), there exists a constant C 
such that 

yfeL'n \\nf)\\r,,.d, < c\\f\\,,^d,. 

Proof : We have proved in Theorem 15.101 that under these assumptions the 
maximal operator Miji^y is bounded by the operator of Hardy-Littlewood Mhl,2- 
Then the desired result is a consequence of Theorem 16.41 with a = (po)'. 

Remark 6.7 Like the comparison between Theorem \5.1(A and Theorem \5.11[ we 
can compare Theorem \ 6.(A with Theorem 8.8 of JEj/ : Theorem \ 6.(A needs simpler 
and weaker assumptions as far as the continuity on with any p G VV(^(po)2) is 
concerned. 



7 Embedding of Hj^^^ into L^. 

Here we discuss conditions on B = {Bq)q insuring the embedding of our Hardy 
spaces into L^. We assume throughout this section that B satisfies some decay 
estimates : for M" a large enough exponent, there exists a constant C such that 

\/i > 0, VA; > 0, V/ G L^ supp(/) C TQ II2 5,(2^q) < C2-''"'\\fh^,.Q. 

(28) 

In the sequel, all results about the atomic space H^^^ only require (1251) with i = 0. 
If we want to work with the molecular space H^^^i, then we require (1281) for all 
i > 0. We have the following imbedding : 

Proposition 7.1 We have the following inclusions : 
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Proof : We claim that all e-molecules (and atoms) are bounded in L^. In fact, 
using ([28D 



i>0 i>0 k>0 

i>0 k>0 
i>0 k>0 
i>0 fc>0 

< 2kS/22-M"k2-<ii < I 

i>0 k>0 

Here we use the estimates for fq, the doubling property of fi and the fact that M" 
is large enough (M" > 6/2 works). So we obtain that all e-molecules are bounded 
in L^, and we can deduce the imbedding using Lemma [4.41 □ 

We recall that with this inclusion, in the study of the interpolation problem, we 
have obtained a more precise result (Corollary 15.71) . 

Corollary 7.2 The spaces H^^^ and H^^^i are Banach spaces. 

Proof : It is obvious that these spaces are normed vector spaces. We must verify 
the completeness. The proof is easy by using the following well-known condition : 
for e > 0, Hl^^i is a Banach space if for all sequences {hi)i(zfq of Hl^^i satisfying 



^\\hi\\H, 

i>0 



< CXD, 



e.mol 



the series Yli^i converges in the Hardy space H^rnoi- This is true because each 
molecular decomposition is absolutely convergent in L^-sense so we can define the 
series Yli hi as a measurable function in and it is easy to prove the convergence 
for the H^^^i norm. □ 

We have another corollary : 

Corollary 7.3 We also have the inclusions : 

L°° C {Hi lY C (i/^to)* 



Now we want to compare our abstract Hardy spaces if^^^ and Hl^^^ with the 
classical Hardy space H^y^ of Coif man- Weiss. To do this we must define for a ball 
Q the function A*q{1x)- Let m := Bq^/q) an e-molecule of -ff^^.moz- have seen 
that the integral 

X 
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converges in sense (due to the decay of fg and the "off-diagonal" decay of Aq). 
Also we get 



V/ e L'{X), 



Jx 



i>0 



We can also consider the linear functional / —>■ AQ{f){x)dii{x), which will be 
denoted A*q{1x), defined on the space 

Moh,Q := |/ e L\X), ||/||mo.„« := sup {fiiTQ))'^' < ooj . 

With this preparation we have the following comparison between Hardy spaces : 

Proposition 7.4 Let e g]0, oo]. The inclusion H^^^^i C Hqw ^-^ equivalent to the 
fact that for all Q e Q, {Aq)*{1x) = Ix in {Mole^q)*. In this case for all e' > e 
we have the inclusions H^^^ C C Hl^^^ C H};^. 

Proof : 

1—) Proof of the sufficiency. 

Let m BQ^fq) an e-molecule of H^^^^i- First we want to prove that the integral 
of m is equal to 0. To show this we use the definition Bq — Id — Aq. By definition 
we have 

' AQ(fQ)(x)d^i(x) = (Aq(/q),1x) = {fQ,A*Q(lx)). 



' X 

So by the assumption, we have 



Jx Jx 



So we have shown that J BQ{fQ)dfi = 0. 

Now we will prove that the molecule m satisfies the good decay around the ball 
Q and so is an H^^^ molecule associated to the ball Q. With the previous "off- 
diagonal" decay of Bq, the uniform L^-boundedness of Bq and the assumptions 
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over fq, we have that for all j > with M" large enough : 



< 



|^q(/q15,(Q)) 






j 


oo 










j 

XI \\^Q(fQ'^Sk{Q))\ 


oo 






] oo 


fc=0 








fc=0 





< 



/i(g)-i/22-^^ 



So we have proved that m satisfies the decay of a classical molecule in the space 
H^yy. So m G -ff^w then H^^^^ C -^c-VK follows from Lemma 
2—) Proof of the necessity. 

We assume that H^^^i is included in H^jy^. Let Q be a ball. So for each e- molecule 
m = Bq^fo) we have that 

BQUQ)d^^ = J fqdfiiQ) - J Aq{fq)dfi = 0. 

We can compute the difference of the two integrals, because we have seen that they 
converge in sense. So by definition we have that for all / G Mol^^q 



fQdf,= {A*q{l^)J), 

which means that A*q{lx) = Ix in (Mo/^.q)*. □ 

Remark 7.5 Under the assumption of the previous proposition and Theorem \5.3[. 
it is interesting to note that the space H^^^ is smaller than the Hardy space H^y^r 
still it is big enough in L} to get the U' spaces by interpolation with L^. 

Remark 7.6 In |77| / (see Subsection \3.4\ ) the authors study whether their space 
BMOl satisfies BMO C BMOl- In Proposition 6.1 of (T^, they prove that the 
inclusion BMO C BMOl is equivalent to the fact that for all r > 0, e~''^(l]Kn) = 
Ir^. By Theorem 3.1 of fll^ , we know that {Hi)* = BMOl*. Also we have that 



HlcHhw^ Vr>0, e-'^^'ih 
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We recall (Subsection \3.4\ ) that with the choice 

BqU) ■■= f - e-^'^\f) 

we have the inclusion 

Ve > 0, Hl^^, C Hi 
The previous proposition shows that we have : 

Kmoi C i^cH/ ^ Vr > 0, e-^^*(lM") = 1m» ^ i^i C H}.^. 

8 An application to maximal U regularity on 
Lebesgue spaces. 

In this section, we apply the previous general theory to maximal regularity for 
Cauchy Problem. First we recall the subject of maximal L'^ regularity. 

Let (y, dy-, v) a space of homogeneous type. Let L the infinitesimal generator of an 
analytic semigroup of operators on WiY) and J = (0, /], / > or J = (0, +oo) (in 
the second case, one has to assume that A generates a bounded analytic semigroup). 

Consider the Cauchy problem 

f(t)-L«(t) = /(t), tG J, 
m(0) = 0, 

where / : J — X is given. If e*^ is the semigroup generated by L, u is given by 

u{t)= f e^'-'^''f{s)ds. 



For fixed g G (1, +C)o), one says that there is maximal L'^ regularity on L'^^Y) for 
the problem if for every / G L«(J,LP(y)), §(or Lu) belongs to Li{J,Lp{Y)). For 
the maximal L"^ regularity, we refer to [11], [H], [13], [16], [26], [28] etc. 

We now define an operator T : 

Definition 8.1 With L the generator, we define the operator : 

Tf{t,x)= r[Le(*-^)^/(s,.)] {x)ds. 
Jo 

Let p,q g]1,cxd[ be two exponents. We know that the maximal regularity on 
L^iy) is equivalent to the fact that T is bounded on L^(J x Y). That is why we 
study this operator. Of course, the problem of maximal L'^ regularity is completely 
understood by the abstract result in [32]. Here we want to remain as concrete as 
possible. In particular case we will see that the H^^^i—L^ continuity of the operator 
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T below depends only on assumptions. It is only when we want to deduce 
estimates that we need stronger assumptions which imply i?-boundedness used in 

El. 



We need some conditions on our semigroup e*^. 

Definition 8.2 Let T := {Tt)t^j be a collection of L^(Y) -bounded operators. We 
will say that T satisfies off-diagonal — estimates at "low scale" if there exists 
a function 7 satisfying 

Vp > 0, sup7(m)mP < 00, (29) 

U>1 

such that for all balls B G Y of radius r, for all functions f supported in B if 
u < 2^^^r then 

(30) 

We also write T G Oiow{L'^ - L'^)- 

We will say that T satisfies off-diagonal — estimates at "high scale" if for all 
balls B G Y of radius r, for all functions f supported in B 

- ^ '^''^ - y^)L '""^^^^'^")" ^-^){mL '^'^^^^ " 

(31) 

We write also T e OhighiL"^ - L^)- 

In these two cases, the "scale" corresponds to the ratio between the parameter u 
and the size 2^r of the corona Sj{B), where we estimate the operator T^-i . 
Let qo G [2, 00] be a fixed exponent, we say that T satisfies weak off'- diagonal L"^ — L^° 
estimates if there exist coefficients {Pj)j>o satisfying 

2^Pj < 00 (32) 

i>o 

such that for all balls B and for all functions f G L'^{Y) we have 

( -TT^ f T,2 (/) di^\ <Yl3i( f Ifl^du] ' . (33) 
We also write T G O^eak^L"^ - L""). 

Remark 8.3 1—) It is easy to check that if a collection T G Ohigh{L^ — L^) then 
T* := (Tj*)t>o G Oweak{L'^ — L"^) with some coefficients [3j satisfying 

Vj>0, <7(2^). 
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2—) All these conditions are satisfied with Qq = oo if the kernel Kt of the operator 
Tt admits some gaussian estimates like 

\KAx V)\ < ^ -dix,y)yt 



The main result of this section is the following one : 

.7. „• n- . f ^.tL\ 

lt>0 



Theorem 8.4 Let L be a generator of a bounded analytic semigroup T := (e*^'' 



onL'^iY) such thatT, (tLe*-^)t>o and {fL'^e^^)t>o belong to Oiou,{L'^-L^)nOhigh{L^- 
L^). Then there exists a collection^ = {Bq)q of [J ^Y) -bounded operators such 
that for all e > the operator T is continuous from H^^^i{J x Y) to L^{J x Y). 
In addition if T* := (e*^*)j>o € O^eakiL'^ ~ -^'^") for a Qq & [2, oo] then the max- 
imal operator (defined by pT^j is bounded by the Hardy- Littlewood maximal 
operator Mhl,2- 

We separate the proof in several steps. First we are going to describe the choice of 
the collection B. Then we will check that the assumption ([5]) and the one about 
are satisfied. To finish the proof, we will show the H^moi ~ boundedness of 
T in Theorem 18.81 

Equip X = J X Y with the parabolic quasi-distance d and the measure /i defined 
by : 

d(^(ti, yi), (t2, 1/2) j = max |(iy(?/i, 7/2), Vl^i - hl^ and d^ = dt® dv. 

If we write 5 for the homogeneous dimension of the space (Y, dy, v), then the space 
X is of homogeneous type with homogeneous dimension 5 + 2. We explain how 
to choose the collection {Bq)q^q in this special case. We choose ip G S(]R"'") such 
that ip(t)dt = 1 and ip(t) := for alH < {ip does not need to be continuous 
at 0). In fact we shall use only the fast decay of (p and we will never consider 
regularity about it. In addition, we have added a condition for the support. This is 
a "physical" heuristids : this condition permits to define AQ{f)(t,x) by with 
only {f{a,y))a<t, which corresponds to the "past informations" about /. However 
we do not really need this assumption in the sequel. 

For each cube Q of X, we write vq its radius and we define the Bq operator as : 
Bq = B,.^ with Brif) := f - Arif), (34) 



where the operator Aj. is defined by : 

r+00 

A,{f){t,x):= / ipr{t-cT)e''^{f{a,.)){x)da. (35) 



Ja=0 

Here we write (fr as the L-'^(]R) normalized function ipr{t) '■= r^^(p{t/r). In fact, the 
integral for a G [0, oo[ is reduced to [0,t], due to the fact that ip is supported in 
M+. 

Now we prove that these operators Bq satisfy the "good" conditions. First we have 
the assumption ([5]) : 
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Proposition 8.5 There is a constant < A' < oo so that for allr > the operator 
Ar is L'^{X) bounded and we have : 



<A'. 



Proof : By definition the semigroup e^^ is L^(F)-bounded so we have the following 
estimates : 



l^(/)ll2< 



< 



< 



+ 00 p 

/ \Mt-^)\\\e''{f{'J,M2,.da 

a=0 JyeY 

+ 00 



2,dt 



o-=0 

oo 

a=0 



\\fit-a,.)\L^^ da 



2,dt 



2,dt 



^ \Ml\\f\\2,dl^^\\f\\2,di,- 

So we have proved that Aj. is L^(X)-bounded and its boundedness is uniform for 
r > 0. □ 



Theorem 8.6 Define the maximal operator 

M,,{f){a,x) := sup {-^ I |^^(/)| 

Q ball X/J^i-D) Jb 



10 



djj, 



i/go 



//(e*^*)(>o ^ Oweak{L'^ — L'^°) then Mg^ is bounded by the Hardy-Littlewood maximal 
operator Mhl 2 on X. 



Proof : Let Q be a ball containing the point (cr, x) E X and rg be its radius. For 
f,g e L'^{X) we have : 



+00 



(t,x)&X Ja=0 
+00 



^^lit - a)e'Q^{f{a, .)){x)g{t,x)dadtdu{x) 



= / / ipMt-a)f{a,x)\(e''Q''Y g{t,.)]{x)dadtdu{x). 

J{t,x)GxJa=0 ^ L\ / J 



So we conclude that : 



iPr^it-a) (e'Q^) g{t,.) {x)dt. 



(36) 



By using the Minkowski inequality, we also have that 



teM+ 



ifir^it-a) 



e Q 



)%(^,-)] (^) 



qo,dv{x)d(T 



dt. 
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By definition of tlie parabolic quasi-distance, we can write 

g = / X 

witfi / an interval of lenght and B a ball of Y of radius tq. Then we have 
f r \ 1/90 

^,.2(t-(T)l/((T) 



go, da- 



1b{x) (e^'^^)%(t,.)(x) 



dt. 



With the assumption fl33|) . we obtain 

\ 1/90 



E 



ip^2 (t - o)\i{a) 



Now we decompose the integration over t by : 

i/go 



EE, 

j>0 fe>0 



With the Cauchy-Schwarz inequality, we have 

i/go 



EE--? (1 



jr>0 fe>0 



^EE--. 



'° (l + 2^)''^'^'/3, ^l'^rul ll^(^.^)l2^/x2.B(t,x)||,^,,,,(^ 



j>0 fc>0 



V(2J5)V2 



Here Z is an integer as large as we want, due to the fast decay of Using the 
maximal Hardy-Littlewood operator, we have 

||^(t,x)l (t,x)|| 

2,dtdi/(x) 

So we obtain 

\ 1/90 
-4^(9)1'"*] < 



1/2 



i>o fc>o 



infM^,i,2(^/). 
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We now estimate the sum over the parameters j and k. We have the two following 
cases. Write 

j>k/2>0 ^ ' 

and 

fc/2>j>0 ^ ' 

We must estimate these two sums. For the first, we use that = \I\v{B) = 

TquIB) to have 



j>fc/2>0 

j>fc/2>0 
j>0 



In the last inequality, we have used the assumption fl521) about the coefficients 

For the second sum, we have (with the doubling property of fi and / large enough) 



z/(2J5) y 



fc/2>i>0 

1/2 



k/2>j>0 



k/2>j>0 

i>o 

So we have proved that there exists a constant C (independant on g and Q) such 
that : 

We can also conclude that 

M,,{f)<MHL,2{9)- 

□ 

The assumption on Mg^ satisfied : Mg^ is bounded by Mhl,2- To apply the previous 
abstract result about interpolation, we must now show that our operator T is 
continuous from our Hardy spaces into and prove the L^-boundedness of T. 
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Theorem 8.7 T is L'^{X) -bounded. 



This fact was proved in [16] because it is equivalent to the maximal regularity 
on 

Now we want to apply the general Theorem I4.2[ We have the following result : 

Theorem 8.8 Let L be a generator of a bounded analytic semigroup on L'^{Y). As- 
sume that {e^^)t>o, {tLe^^)t>o and {t^L'^e^^)t>o belong to Oiow{L'^ - L'^)^Ohigh{L'^ - 
L^). Then there exist coefficients aj^k such that for all balls Q C X, for all 
k > 0, j > 2 and for all functions f supported in Sk{Q) 



1/2 



< a 



j,k 



/i(2-' 1^) JSj{2kQ) 

In addition the coefficients aj^k (independent in Q) satisfy 



:iQ) 



1/2 



A := sup sup 

Q k>0 



E 

.i>2 



«7,fc 



< oo. 



(37) 



(3^ 



With Theorem \4.S\ these estimates imply the H^^^i^X) — L^(X) boundedness ofT 
for all e > 0. 

Proof : We write r = tq and (to, xq) the radius and the center of the ball Q so we 
have defined Bq as 3^.2. The function / is fixed. The parameter j and k are fixed 
too. We write Q as the product Q = I x B with / an interval of length Vq and B 
a ball of Y of radius rg . We have 

TBr2 {f){t,x)=T{f){t,x)- TAr2 (/) (t, x) 

[Le^'-'^^f{s, .)] {x)ds - [ [Le^'-'^^Ar2f{s, .)] {x)ds, 



where 

[Le(*-^)M,2/(s,. 

So we obtain 
T{B,2f){t,x) = 



+ 00 



(Pr2{s — a)e^ f{a,.)da 



a=0 




LPr2[S — a) 



lo<.<tLe(*-'^)^/((T, .)(x) - lo<s<tLe^'- 



f{cr,.){x) 



dads. 

(39) 



We have three time-parameters cr, t and s. As in the case of Calderon-Zygmund 
operators, the difference within the two brackets is very important. This will allow 
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us to obtain the necessary decay for the coefficients aj^k- We decompose into two 
domains : 

L>i {((T, t,s), < a <t < s} and D2 := {(cr, t, s), 0<s,a<t}. 
For i e {1, 2} we set Di{t) := {(cr, s); (cr, t, s) G A} and 

- a) [lo<.<tLe(*-'^)^/(a, - lo<3<t^e(*-^+'-')^/(a, dads. 
AW '- 

As if is supported in M"*", we have decomposed 

2 

T(i?,2/)(t,a;)=^t/i(/)(t,a:). (40) 
j=i 

If we do not want to use the condition of the support of (p, there is a third term 
which is estimated as the first one. 

We begin the study when one of the two terms, in the square brackets, vanishes. 
The radius r is fixed for all the proof and we set 

1 / I r 

XN{y) - (^1 + ^ 

1— ) First case : (cr, s) e Di{t). 

Here we have the following expression : 

poo pt 

Ui{f){t,x) = - / / ifr^is - a)Le^'-''^'^f{a, .){x)dads. 
Jt Jo 

There is no "cancellation" so we can directly estimate it by using the fast decay of 
(p. For N a large enough integer 

\Ui{m,x)\ < fxN{t - a) |Le(*-'^)V(a, .){x)\ da. 
Jo 

By definition of the parabolic quasi-distance, 

(f <^ (0^n\ ^ / Mx.xo) ^ S'^+^r r dY{x,xo) < 

{t,x) e bj{l C^J ^ I 1^ _ ^ \\t- U\ ^ (2*^+^+V)2 ■ 

So, as / is supported in 2*^(5, we have 

\ 1/2 



37 



with 



/ : = 
and 



/i(2J+'=+iQ) 



* Study of I. 

By using off-diagonal estimates — L? f l30|) . we know that 



Z/(2J+^+lfi)l/2 II ^ ' -^112,5, (2'=B) 



That is why, by using Cauchy-Schwarz inequahty and the equahty 

/x(2^+'=+^Q) = z/(2^■+'=+l5)22(^■+^)r^ 
we estimate / by the product 

X2N{t - (T) DM^ r 7 „, dadt 



Then we get 



~ z/(2'=+J+ifi) 



Iff 22^^ 

I 



7 I — ^^^= I (icTfit 



2 ^ 1/2 , , „ ,1/2 



1/2 

2, 



< 



2^Z/(2'=+lfi)^_,_, / P . _2.-2iV , ,2 , 

^ '2 ^ {l + 2''+^v ^) 'j{vYvdv] 



u(2k+3+iB) \Ji ^ J 



1/2 

2, 
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* Study of //. 

In this case, we have t G 5*2^(2^'^/) and a G 2'^^!, so 

By using off-diagonal estimates (13T|) . we know that 
1 



\fia,.rdu 



l2,2*+J+i B ~ 
1 / 1 



So we obtain that 



1/2 

2, 



1 /• \ 



We have also the following estimate 



1/2 



1/2] 



With (HTl) . here we can choose 



u(2^+i+iB) \Ji ^ J 



for a large enough integer. 

2—) Last case for (cr, s) E D2(t) : < s, cr < t. 

The relation ( l39l) gives us that : 



U2{m,x)= f /Vr-(s-a) [Le(*-'^)^/(a,.)(x)-Le(*-^+'-')V(a,.)(x) dads. 
Jo Jo 



Here we use the time regularity. We have : 

Le^'-^^'^fia, .){x) - Le^^-^+'-'^Vl^, ■){^) 



dLe^^f{a,.){x) ^^ 

t-a 

L^e'^f{a,.){x)dz 

t—s+r'^ 
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Then we repeat the same arguments as before 



(. 



1 



1/2 



\U2{f){t,x)fdu{x)dt\ <I + II 



with 



Xn{s - a) 



t-a 



2 \ 1/2 

dzdsda 1 dt 



and 



:j{22'-/) VJ22'=/ Jo 
t-a 



Xn{s - cr) 



[ " ||LV^/(a,.) 



l2,2*+J_B 



dzdsda J (it 



V 



1/2 



* Study of /. 

By using off-diagonal estimates (J30l) . we know that 



i/(2J-+fe+i5)V2 



l2,5j(2'=_B) 



< 



r7 



\ 1/2 



So we obtain 



I < 



\ 1/2 



* f 



We use the inequahty 



\S — cr 



-N 



22(fc+j)^2 y22.+2,7 }22Ui 

2 n 1/2 



-7 



(is dadt 















< II- 


tIIoo 














<ll' 


tIIoo- 











Ls — o" + r 



|t-o-||r2 + t 

2 



1 _L 

+ r2 < 

~ II / lloo 2Hj+k)^2 ' 



22{i+fc)^2 (l + 
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to have 



Here we can choose 



"7,fc 



* Study of //. 

In this case, we have |t - a| ~ By using off-diagonal estimates fl3Tl) . we 

know that for z> r"^ 



So we obtain 

2 \ 1/2 



1 z/(2'=5) 

22fc+2j/ ^22*/ Wo ' ' Jt-s+r'2 Z/( — i?) 



II<2 ^ I I { I XN{s-a) I --S--J^dzds] dadt 



1 



/i(2^Q) 



1/2 

2, 



We use the inequahty (based on the doubhng property of z/) that for all z G 
[t — a,t — s + r"^] we have 



1 / 



So as is an integer as large as we want, we can estimate 

^m^(f ! (('..is-.)!'-' 



2 \ 1/2 



1 



2''-Q 



1/2 

2, 
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Then we use f l43p (with 7 equal to the constant function) to finally obtain (with 
an other exponent A^) 



2 



1/2 



< 



2''-Q 



1/2 

2, 



^y(2i+fc+i5)24(i+fc)r2 V/i(2'=g) 



/x(2i+'=+iQ)22^+2/c V/x(2^-g) 
So here we can choose 



/i(2J+'=+ig)22i+2fc- 
3—) End of the proof. 

With the decomposition (HOl) . we have proved in the two previous points that we 
have the estimate (|371) with the coefficients aj^k satisfying 

+ ^(^"Q) (1 + luii )' 

We are going to check that l|38|l is satisfied. So we must bound the quantity 

yu(2^+^+ig) 



by a constant (independent on k and Q). The coefficient aj^k is estimated by three 
terms. By using the doubling property for with large enough we can sum the 
first term 2~^^''~^^\ For the second term with > 2, we use (1291) to have 



>^ /i(2Wig) ^(2^^) ,^,fr,, ^2^-2N , , V^' 



1/2 



i>2 

< / t;2^+l7(t;)2rft; ) < oo. 



00 \ 1/2 
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For the third term of a^^fc, we have 



i>2 



i>2 



We have the desired property due to the additionnal factor 2~^-^, which is obtained 
by the time- regularity of the semigroup in the case 2—). So the assumption (J38l) is 
satisfied. □ 

We have the same result for the adjoint operator T* : 

Theorem 8.9 Let L be a generator of a bounded analytic semigroup on L'^{Y). As- 



sume 



that 



(e*^*)i>o,(tL*e 



)t>0 



and 



lt>0 



belong 



to 



OiowiL — L ) n OhighiL — L ). Then there exists coefficients aj^k satisfying 



A := sup 

fc>0 



2^ -T^^kTTT^'^J'k 



J>2 



/i(2'=+iQ) 



< oo, 



(44) 



such that for all balls Q G X , for all k > 0, j > 2, for all functions f supported in 

SkiQ) 

1/2 



1 



/i(2i+'=+ig) 



1/2 



These estimates show with Theorem \4-^ that T* is H^^^^ — bounded for every 
e > 0, with the Hardy space H^^^i := H^^^kb *) (which is the Hardy space 
constructed with the dual operators Bq). 

Proof : The adjoint operator T* is given by : 



T*f{t,x) 



L*[e^s-^)Lyf{s,.) {x)ds. 



The parameter Z depends on the time interval J, it is defined by 

Z : = 



oo if J 
/ if J 



(0,oo) 
(0,0 



The argument of the previous theorem can be repeated and we omit details. 
So now we can apply our general result to obtain the following result : 



□ 



Theorem 8.10 Let L be a generator of a bounded analytic semigroup on L'^(Y) 
such that {e^%>o, {tLe*%>Q and (fL'^e^^)t>o belong to Oiowi.L'^ - L^) n Oughi.L'^ - 
L^) and {e*^*)t>o belongs to OweakiL"^ — L^'o) for a po e]l,2[. Then for allp &]po,2] 
the operator T is LP{X)-bounded and so we have the maximal regularity on Lp{Y). 
In addition if we know that {e^^*)t>o, (tL*e*^*)j>o and (t^L^*e*^*)f>o belong to OiowiL"^— 
L^) n OhighiL"^ - L"^) and (e*^)t>o belongs to Oweaki.L'^ - L''°) for a qo g]2, oo] then 
for all p G [2, go[ the operator T is {X) -bounded and so we have the maximal 
regularity on L^iY). 
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Proof : We use Theorem 15.31 for the operator T and T* whose hypotheses are 
satisfied thanks to Theorem I8.8[ 18.91 and 18.61 Then we conclude by duahty for 
p>2. □ 

Remark 8.11 We recall the result of S. Blunck and P.C. Kunstmann (Theorem 
1.1 of lEI). Assume that the semigroup e*^ satisfies for pq < 2 < qq the following 
l^po _ i^qo off- diagonal estimates for all balls B G Y : 



with coefficients f3j satisfying 



sup 



v{T+^B) 



1/po 



(We recall that 5 is the homogeneous dimension of the space Y .) Then L has 
maximal regularity on L'^ for all r G {po, qo). 

With our previous theorem, to get maximal regularity for all r G {po,qo)> we need 
to ask some LP' — LP off- diagonal estimates and the two following conditions 

{e''^*)tyoeO^,ak{L'-LP'o) and e 0^,ak{L^ - U^). 

The second condition {e^^)t>o ^ O^eakiL"^ ~ -^*') implies that we have with (3j 
satisfying 

i>o 

which is a weaker condition than for 6 > 2. So our use of ILardy spaces, 
adapted to the maximal regularity operator, permits us to show some maximal U 
regularity assuming some "stronger" L^—LP off-diagonal estimates for the operators 
e*'^, Le*^, L^e*^ and theirs duals and some "weaker" off-diagonal estimates L"^ — L^° 
and — for the operators e*^ and e*^* than those required by the result of S. 
Blunck and P. C. Kunstmann. 



To finish we will show some results on our Hardy space. First we have the off- 
diagonal decay (!28l) and so we are in the particular case of the section [71 

Proposition 8.12 Assume that (e*^)t>o G Oiow{LP - L"^) ■ For Bq defined by 
and (E^j, we have that for all balls Q G X 

> 0, VA; > 0, V/ G L\2'Q), ||5q(/) ||2,5,(2^Q) < C2-''"lf\k2''Q (47) 
with an exponent M" as large as we want. 



A4: 



Proof : By definition we have just to prove the decay for the Aq operator. Let r 
be the radius of Q. As previously, we write Q = I x B where / is an interval of 
length and 5 is a ball in Y of radius r. Recall that 



+00 



cr=0 



Lfr^it — a)e^ ^ f{a, .) {x)da. 



For i < 1, we just use the L^(y)-boundedness of Aq to prove fj471) . Then for 

z > 2 and {a,y) E 2''Q if {t,x) E Si{2''Q) we have that d{{x,t), {a,y)) ^ 

and by using the definition of the parabolic quasi- distance, we conclude that either 

X E Si(2''B) either t E 821(2^'' I). We will study the two cases : 

First for x E Si{2''B), by the off-diagonal estimate flSU]) we have the estimate : for 

all CT > 



e^"^(/(a,.)) 



< 



2,5,(2*5) ^ U{2'+''B) 

So by the Minkowski inequality, we obtain 

•)ll2,S,(2fci?) 



7 (2^+'=) 



z/(2^fi) 



1/2 



l|/(^,-)ll2,2* 



B- 



< 



a=0 



t - a 



-N 



u{2^B) 
u{2'+^B 



-7 (2*+'=) 



< 



v{2'+^B] 
v{2^B) 

u{2^B) ^ 



1/2 



ll/(^,-)ll2,2* 



da 



u{2'+^B] 



7 (2^+^=) 



2,2fcQ; 



Then we integrate for t E 2^(*+^)j to have 



Pq(/)II 



2,22(i+fe)i'xSi(2'=B) 



< 



u{2^B) 
v{2'+^B] 



1/2 



2,2'= 



For the second case, we have |t — o"| c:^ 2^'^*+'^V^. By using the L^(y)-boundedness 
of the semigroup 



2,2'+''B 

So by the Minkowski inequahty, we obtain 



< 



ll/(^,-)ll2,2*i 



I^q(/)(^,-)II2,2*+' 



B) ~ 



(l + 22('=+*))"'^||/( 

o-e2'=/ 

< 2-2{fc+j){Af-l) ^ 



•)||2,2*i?^ 



So we can conclude that 

ll"^Q(/)ll2,52i(22'=/)x2'+'= 



< r>-(N-2){k+i) 
B ^ 



2,2*Q- 
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With these two cases, we can conclude (for any large enough integer) 

which with the decay of 7 permits to prove the result. □ 

With these decay, we have shown that the Hardy spaces if^jo(X) and H^^^i^X) are 
included into the space L^{X). In fact we can improve this result, by comparing 
it with the classical Hardy space of Coifman- Weiss on X. 

Proposition 8.13 Let e > 0. The inclusion H^toiX) C Hl^^i{X) C H^wiX) is 
equivalent to the fact for all r > 0, (e'""^)*(ly) = ly (in the sense of Proposition 

Proof : We use the notations of Proposition 17.41 By using this Proposition, we 
know that H^^^i^X) C H^^yy^X) is equivalent to the fact that for all balls Q of X, 
A*{lx) = Ix'in the sense of (Mo/,,q)*. Let Q = B{{tQ, CQ),rQ) be fixed. By 
we know that 

Jtm+ 

As J^{p{t)dt = 1, we formally obtain 

This equality can be rigorously verified by defining (e'''3^)*(ly)(x) as the continuous 
linear form on the space 

Mok,rQiY) := {/ e L\Y), ||/||Mo^...^(y) < 00} , 

where 

\\f\\Mou..Ay) :=sup||/|h,5.(Q,) {i^{TQY)y"r\ 

^ i>0 

Here we write 

Qy = B{cq, Tq) = {y EY, dyix, Cq) < Tq} 

the ball in Y. Then the equivalence is a consequence of Proposition I7.4[ □ 

In the paper [3] (which corresponds to the appendix : the chapter 6), the authors 
have shown that with —L equals to the laplacian on X a complete Riemannian 
manifold with doubling and Poincare inequality, the operator T is bounded on 
H^-^y{X) (not just bounded into L^{X)). This is a better result than the one here 
because Proposition 18.131 applies (see [3]) so 

Hl,iX) C Hl^jX) C H'cwiX) C L\X). 

But the if(l,y-boundedness is using stronger hypotheses than ours in a specific 
situation. 



g{t,.) {x)dt. 
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9 Study of the duals of Hardy spaces. 



In this section, we come back to {X, d, /i) an abstract space of homogeneous type 
and we study the dual space of our Hardy spaces. In the Euclidean case the dual 
space of is BMO. The other Hardy spaces, discussed in Section [31 have duals 
charaterized by a space of BMO-type ([HI [27]). In our situation, it is not so easy, 
and we obtain partial answers. So first, we give the definition of the Bmooo space : 

Definition 9.1 A function f & belongs to the space Bmo^ if 

1/2 



BMO 



/ \BhU)\'dl^ = Mlif) 

Q ball \KQ) Jq^ ^ J 



< OO. 

oo 



We define BMO^o as the completion of BmOoc with this pseudo-norm. 

We note BMO^o because the norm is a norm of type BMO and we put the index 
oo to note that this space is the closure of L^. So it could be thought as the space 
of i?MO-functions with some decay at "infinity". 

We have the following inclusion : 

Proposition 9.2 The space {H\^^* n is included into Bmo^ and 

We have the same result for the molecular Hardy space (H^^^i)*. 
The proof is the same as in Lemma 15. 4[ 

To characterize the dual space, we should show the other inclusion and we would 
like to forget the "L^-condition". We give two results in this direction. 

Proposition 9.3 The space BmOoo is included into {H\^^* fl and : 

V0 G 5mOoo, \\(p\\(Hl,^Y < UWbmo- 



By density, we get that BMO^o ^ {HltoY ■ 

Proof : Let G BmOoo be a function, then G L^. Let m = Bq^fq) G be an 
atom, then we must estimate the quantity : 



(0,m) = j <f>{z)BQ{fQ){z)dfiiz) = J^B*Qmz)fQ{z)dfiiz). 
Then we get : 

1(0, m)| < ||5^(0)||^^^||/q||q< ||i?^(0)||^^^/i(Q)"'/'- 
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Using the BMO-norm, we have 



|(0,m)| < 



BMO- 



So we have shown that can be extended in a continuous hnear form on all atoms. 
By using Lemma [4.4[ this proves that is a continuous linear form on -ff^to- '-' 

So for the atomic case, we need no other condition to have the two inclusions. For 
the dual space of molecular space, it seems necessary to have other conditions. 
Here is an example. 

Proposition 9.4 For a ball Q, we write tq for the radius. Assume that the oper- 
ators Aq depend only on the radius tq that is Aq = Arg and Bq = 3,.^ . In this 
case for all e > 0, Bmooo is included into {H^moi)* ^ '^''^^ ■ 



Therefore by density, we have BMOc 



BMO- 



mol) 



Proof : Let m = Bqlfq) be an e-molecule. Breaking the integral with the corona 
Si{Q), we have : 



1(0, m)| < J2 I B*Qmz)fQ{z)df^{z) < J2 \\BU<l^)\\2,s.iQ) 

Si {Q) 



i>0 

<Ell^a('^)l 

j>0 



2,S,(Q) 



i>0 



We want to cover 2*+^Q by a union of balls {Qk)i<k<K with 

K 

Vfc, C-Vq < < Tq and ^ l2-«Q, < 1 



k=l 



where M and C are integers which are large enough and depend only on the space 
X. Let us explain how we can do this. Choose [B{xi, ^^q)). a maximal collection 
of disjoint balls. Then we put in the collection {Qk)k all the balls B{xi, jQrg) such 
that 

5(x„rQ)n2^+ig^0. 

By maximality, it is easy to see that the collection {Qk) covers the whole set 2^~^^Q. 
By disjointness, we have that 



El 

k=l 



So we can deduce that : 



2,S,(Q) 



k=i 



k=l 



Qk 
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Here we use : tq > tq^. In addition the radius of the ball is now equal to 

the radius rg, also 



B* 



(0) 



< ^^{^Qk)U\\BMo. 

Qfc 



By using the doubling property of the measure and the fact that tq ~ Tq^ , we get 



I Bawl 



2 

BA/O 



< 

l2,5,(Q) ~ 

A;=l 



2 

BA/O 



fc=i 



Therefore we have the estimate 

i(0,"^)i<E 



BA/O 



2~ei < 



BA/O- 



j>0 



Thus we have shown that is linearly continuous on all the e-molecule. With the 
help of Lemma I4.4[ we can extend it to a continously linear form on the whole 
molecular space. □ 

Remark 9.5 Assume that Aq is defined by the help of a semi-group Aq = A^^ = 
e~^'^^ for a generator L. Then the previous condition is satisfied and with some 
good conditions about L, we can characterize the dual space {Hl^^iY^L"^ as BmOoo- 
It is interesting to notice that this space does not depend on e. 



Here we have not found a general answer for the dual space {H\^^)*. We have only 
the result Bmo^ = fl {H^^^)*. Now to have a complete result for the duality, 
we must forget the "L^ condition". In such an abstract case, it seems very difficult 
to do this. The difficulty is to have a representation of a linearly continuous form 
of -f^ajQ. Let I belongs to (H^^^)*, by the definition of atom we have that the 
operator Bq is continuous from L'^{Q) into Hl^^^. So we can compute / o Bq, which 
is continuous from L^{Q) into M. By the Riesz representation theorem, we know 
that there exists kg G L'^iQ) such that for all / G L'^iQ) 

l°BQ{f) := / hQ{x)f{x)dfx{x). 
JQ 

Now to have a good representation of /, we "need to invert" the operator Bq to 
have formally : for all atom g associated to the ball Q 

Ka) = I hQ{x)BQ^ g{x)d^{x) = / BQ^*hQ{x)g{x)dfi{x). 
JQ JQ 
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Then we need to define a "good" function (which does not depend on Q) such 
that for each ball Q and for each atom g associated to Q we have 



Ka) = I Bq *hQ{x)g{x)d^{x) = / (t){x)g{x)diJ,{x). 



X 




Here if we do not want to invert, we need a decomposition of identity with the Bq 
operators. That is why, in [171 EZ] the authors use a Calderon reproducing formula 
to identify their dual space. 

So there are two questions to solve and we do not know how to do this ; other 
informations on the collection of operators B = {Bq)q^q seem to be necessary, but 
we do not know at this time which ones. 

We have seen that the space (if^^)* is probably too big to be identified with a 
BMO-space. However we are going to show that the subspace fl {H]^t^)* is dense 
in the whole space {H^^^)* for a weak topology. Let us study the topology of BmOoo 
in {Hl^^y for the weak * topology. We recall that 5* is the set of functions / G H^^^ 
so that there exists a finite decomposition into atoms (m,) satisfying : 

n 

f = J2Km, with ||/||hi,„>10 
1=1 

By Lemma [4.41 we know that S is dense in H^^^. 



ato' 

Proposition 9.6 // the space BmOoo is dense in (for the strong topology) then 
BmOoo is dense in (if^^^)* for the weak * topology of S* . 

Proof : We claim that the space BmOoo is total, that is : 

{/ G 5; V0 G Bmo^, (/, 0) = 0} = {0} . (48) 

To prove this, let / G S* be a function in the left set. Then / has a finite atomic 
decomposition so it is an L^-function, and we have 

V0 G Bmo^ C L2 (/, (P)l2 = 0. 

As BmOoo is assumed to be dense in and / belongs to L^, we can deduce that 
/ = 0, which proves fllSl) . 

We use a general fact : Theorem 4 of [15] to obtain the density for the weak * 
topology. □ 

We can have a more precise theorem in the case of the section [7] : 

Proposition 9.7 Assume that the assumptions l[2^) of the section^ are satisfied. 
The space L'^CiL'^ is dense in {H^^^)* for the weak * topology of [H^^^)* . Fore > 0, 
L°° n is dense in {H^rnoiY /^^^ weak * topology. 
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Proof : The proof is the same as the one of Proposition 19. 6[ We will deal with 
the case e e]0, oo] and we will prove the two claims. The fact that the space L°° is 
total, means that : 

{/ e Hl^,,, V0 G n c {Hl^^iT, (/, 0) = 0} = {0} . (49) 

This fact is obvious because the function f E (due to Proposition 17.11) . As for 
Proposition 19. 6[ we use the Theorem 4 of [15] to conclude. □ 

In fact to have a complete representation theorem for the dual space, we probably 
need to make some new assumptions. In fTli \TE[ [27], the authors characterize the 
dual space by a BMO-space, by using an equivalent definition of their Hardy spaces 
with tent spaces. Using molecular decomposition in tent spaces, they obtain some 
molecular decomposition of their Hardy spaces. Without other assumptions, our 
molecular decomposition is strictly more restrictive than theirs. So in the general 
case, we think that the dual space of our Hardy spaces is bigger than a BMO- 
space. We have seen that our Hardy spaces are "big" enough to obtain a good 
interpolation result with the scale of Lebesgue spaces, but they seem to be too 
"small" to have a fine dual space. 
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